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Supplementary material.

This appendix contains derivations of Examples 4 and 5, and proofs of Propo-
sitions 5, 8, 9, 10, 12 and 15.
Proof of Proposition 5. We start with the case where the provider offers
regular service only at price p. Assume that consumers with waiting costs below
c" join the queue while the rest doesn’t. Since ¢" < ¥ < ¢ = 1 we have partial
coverage of the market (see Lemma 2). The utility of consumer with waiting
costs ¢ from joining the service is given by
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Since the utility from not joining is 0 the marginal type ¢” should be indifferent
between joining the queue and remaining unserved, that is ¢ satisfies
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=0.
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The provider’s revenues are pF (c").
Instead of maximizing over p we can optimize over ¢” noting that

The FOC is
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We can look at the FOC wrt ¢” because we do not have a full coverage ¢” € (0,1).
The optimal cutoff ¢ satisfies
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The consumers’ surplus is equal to
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where the last equality follows from integration by parts.

Assume now that the provider sets two prices: one for the regular service
(7) and one for priority service (IT). Consumers with very low waiting costs
choose regular service, consumers with very high waiting costs do not join any
service, while consumers in the middle-range join priority service. The utility
of consumer with waiting costs ¢ from joining the regular service is
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while the utility of consumer with waiting costs ¢ from joining priority service
is
F(c”) —F(cl)
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Type ¢! is indifferent between getting the regular and the priority services, while
type ¢! is indifferent between getting the priority service and no service at all.
That is,
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The seller’s expected revenue is
mF (CI) +1I [F (c”) —F(cl)]

while consumers’ surplus is




Plugging in the expressions for the prices into the consumers’ surplus we get
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We now find the optimal cutoffs. The seller’s expected revenue is
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Maximizing it w.r.t. ¢! and ¢!! gives the FOC
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Assume that F (¢) = ¢t for ¢ € [0,1] and f(c) = pc*~!. Then without priority
service we have
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Plugging the expression for ¢” into the expression for consumers’ surplus given
in (1) gives
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While the price is




With priority service we get
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Plugging the expression we got for ¢/’ the last equation becomes
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Plugging the expressions for ¢! and ¢! into the expression for consumers’



surplus given in (2) gives
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We show now that the consumers’ surplus if no priority service is offered (3)

exceeds the one if it is offered (4):We will show now that
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which holds for any ¢ > 0. =

Proof of Proposition 8  Our proof is recursive. We will show that for
any number of priority classes I and cutoffs {c1, ...,¢;—1} when ¢;_1 < ¢, adding
another (higher) priority class and cutoff ¢; € (¢;—1,¢) decreases the consumers’
welfare. Since we showed that adding a single priority class decreases the con-
sumers’ welfare, using this argument repeatedly (while each time adding an-
other, higher priority class) allows us to conclude that any selling procedure
that involves k& > 1 priority classes with cutoffs {cy,...,cx—1} is inferior to no
priority from the consumer welfare perspective.!

We will show now that adding a higher priority class decreases the consumers’
welfare. If there are [ priority classes with cutoffs {c1,...,ci—1} and ¢;—1 < €,
then the prices of p; and p;_; are such that the type ¢;_; is indifferent between
joining either of the two highest classes — either priority class [ or [ — 1. That is,
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where C'S(< ¢;_1) is the consumers’ welfare of all types lower than ¢;_;.

If there are [+1 priority classes with cutoffs {¢1, ...,¢;—1,¢} and ¢ € (¢;—1,7¢)
(so that the additional class partitions the interval of the previously highest class
into two intervals), then the price pj is such that type ¢;—; is indifferent between
priority classes [ and [ — 1, while the price pj, is such that type ¢ is indifferent
between priority classes [ and [+ 1. Observe that this change does not affect the
prices of the lower classes. The first indifference condition is
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f ¢;_1 = & then applying this construction to the highest cutoff below ¢ allows us to
make the same conclusion.
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Type ¢ must be indifferent between classes k and k + 1 :
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Introducing an additional priority class decreases the consumers’ surplus if



and only if
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Observe that for either ¢; = ¢;—1 or ¢; = ¢ we have equality in the previous
expression. The derivative of the right-hand side of the last inequality with
respect to ¢; equals

e 1—F(c-1) n f () /Cl cf (¢)de 1‘7}7(01)0[“01) _1-Flaa) [1— F(e)]

2 2 /., . 2 2
+1 - F2(6171)le(cl) n f(201) /c: cf(c)de — F(¢) —2F (0171)le(6[)
C i@ 1— F2(01—1) L f(QCl) /C cf (¢)de — %(cl—l) - F(c)]

= fla)|-a-

1—F(q_y) 1 [° 1—F(g_1)1—F(q)
2 +2/c,lcf(c>dc_ 2 7 e

while the derivative of the left-hand side is zero. Observe that IFR implies that
the derivative that we calculated in the last expression changes its sign once
from negative to positive, and hence for any ¢; € (¢;—1,¢) it holds that
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Proof of Proposition 9. Assume that {ci,c,...,cx—1} are the profit-

maximizing cutoffs in the problem with k priority classes where c¢;_; < ¢. In the
problem with k + 1 classes set cutoffs {c},c5,...,c,,_;,cx} such that ¢ = ¢; for
any i € {1,....,k—1} and ¢, € (cx—1,¢) (in case c;_1 = ¢ choose the highest cutoff
below ¢ and split the interval between this cutoff and ¢ into two intervals). The
allocation induced by cutoffs {c},ch, ..., c},_;, ¢k} generates higher total welfare
than the allocation {c1,c,...,cx—1} as the allocation {c},c,...,c}_;,ck} has



lower overall waiting costs. The proof of Proposition 8 implies that the con-
sumers’ welfare in the allocation induced by {c},c5, ..., ¢} _1, ¢k} is lower than
in the one induced by {e¢1, o, ..., cx—1 }. Hence, the provider’s profits are higher.
Optimizing over the cutoffs {c,c5, ..., ¢}, cx } further increases the provider’s
profits. Moreover, this reoptimization over the cutoffs does not eliminate any
priority classes as otherwise it would allow a further increase in the provider’s
profits by repeating the first argument of this proof (i.e., adding the eliminated
class by splitting the interval of the highest priority class). ®

Derivations for Example 4. The first-order condition of maximizing the
monopolist’s revenue with respect to ¢; for ¢ € {cy,...,cx} is
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For the uniform distribution with [0, 1] support we get
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The solution to the last equations is
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The consumer’s welfare consists of two parts: (1) the increase in the welfare due
to a more efficient allocation and (2) the decrease in the welfare due to monetary
transfer to the provider. The second part is equal to the revenue of the provider.
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The aggregated welfare from the allocation for the cutoffs ¢y, ...,cx_1 is given

by
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Plugging the expressions of the optimal cutoffs for the uniform distribution gives
us the customers’ welfare from the improved allocation is

1 1 1

273 R
Proof of Proposition 10. To characterize the equilibrium of the subgame
following the price announcement (p1, p2) we will consider a few possible profiles.

Profile (A) n} > 0, n} > 0, n}” > 0, ny? > 0.

Profile (B) n} > 0, n§ > 0, ni¥ =0, n3” > 0.
Profile (C) nf > 0, nf > 0, ni” > 0, ng” = 0, which is symmetric to profile

Profile (D) n} > 0, n§ > 0, ni” =0, ny? = 0.
Profile (E) n} > 0, n§ =0, ni? > 0, ny? > 0.
Profile (F) nf =0, n5 > 0, nf* > 0, ny? > 0, which is symmetric to profile

Profile (G) nf =0, n§ =0, n{” >0, ny? > 0.

Profile (H) nf > 0, n5 =0, ni” =0, ny” > 0.

Profile (I) n} = 0, nf > 0, n{? > 0, ny? = 0, which is symmetric to profile
H.

There is no equilibrium in which nf > 0, nb = 0, n7? > 0, ny? = 0 as
customers from the regular service of provider 1 should switch to the regular
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service of provider 2. For a similar reason there is no equilibrium in which
ny =0, nb >0, n? =0, ny? > 0. Also there is no equilibrium in which all the
customers are concentrated at a single provider in either of the services.

We now consider each of the above profiles separately.

Profile A n > 0, n§ > 0, n{” > 0 and ny” > 0. Since for both providers
both classes are nonempty, in this profile the customers are indifferent between
all their opportunities (provider 1 vs. provider 2, priority vs. regular services)
and the equilibrium conditions are

P np
ni+ng

1. pP1 =
2. py = M

P P
3. —p— % =%
4. n’lo+n§+nrfp+ngp:1

Observe that (1), (2), and (4) imply that p; + ps = é Further we get
nb + ny? = 2py and nf + ni? = 2p; and n} —nb = 2(ps — p1), which implies
that nf =2 —ny? — 6p1,n)? = 8p1 + ny? —2,nh =1 —ny? — 2p;.

Further observe that n} = 2 —n3” — 6p; > 0 implies that p; < 3. Symmetry
implies that ps < % In this case we have a continuum of equilibria. Conditions

(1)—(3) imply that

ny = 2-ny’ —6p
ny? 8p1 + ny’ — 2
ny = 1-—ny? —2p,

and so for any max{2 — 8p;,0} < ny” < min{2 — 6p1,1 — 2p1} we have an

equilibrium. Observe that provider 1 is interested in the lowest possible ng?.

For future derivations, observe that for provider 1, in the best equilibrium nf
is (strictly) lower than 2p; = 1 — 2py if p; < 1/4 and nf is (strictly) lower than
2—6p; = 6p2—1if p; > 1/4, and the revenues are smaller than (% — pg) (1 —2ps)
if p1 < 1/4 (or po > 1/4) and smaller than (6po — 1) (3 —p2) if p1 > 1/4 (or
P2 < 1/4).

Profile B. Consider the profile with nf > 0, n} > 0, n;? > 0 and n{? = 0.
This profile implies that no = 2ps. For this profile to be part of an equilibrium
customers must be indifferent between getting priority service from provider 1
or 2 and regular service from provider 2. These indifference conditions imply

p p
L
P1 9 P2 5
by = nb + ny?
2 2
1 = n}+nb+ny?.
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We have

1—n¥ ny 1—ny nb 1 nb
D2 9 <~ —D1 9 9 9 — B P+ )
Therefore,
nb + ny? n n
p2=722 2 = nb +niP =2py <= nl’ = 2py — 1}
1 nj P P ny _ 1 4
gt Am I mm =l =0 dtp—2pp =y =1+ 2p —dpo.
This implies that
ny" = 2py—ny=06py—1-2p
1 nb
P 2
= gt 2=1-2p>0.
n 2 P+ 5 P2

In addition, for this profile to be an equilibrium, the utility from joining the
regular service of provider 1 must be lower than all other options:
P

n
P1§71<:>1—2P222p1~

To summarize, this profile is an equilibrium if

1 1
1+2p —4ps > 0<:>p2§i+§p1

1
1—-2py —2p; > 0<:>p2§§—p1

1 1
bps —1—-2p1 > 0<=>p226+§p1.

Profile C nf > 0, n} > 0, nj? > 0, ny? = 0. An analogous (to profile B)
argument implies

n} = 1+42py—4p
n? = 6p1—1—2p,
ny = 1-2p

and this profile is part of an equilibrium if

1 1
1+2py—4py > 0<:>p1§1+§p2

1
1-2p; —2p2 2> 0<:>p1§§—p2

1 1
bp1 —1—-2p2 > 0<:>p126+§p2.

Profile D n > 0, n5 > 0, n¥ = 0, n” = 0. For this profile to be an
equilibrium it must be that
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1. py <nf/2

2. pop <nb/2

P p
o gy
3.-m—g =7

4. nf +nb =
Conditions (3)-+(4) imply that
1

nf = §+p2—p1
» 1
ng = §+p1*p2,

where p; < nf/2 implies that po > 3p; — 1/2 and p; < nb/2 implies that
p1 > 3p2 — 1/2.

Profile E nf > 0, nb = 0, n? > 0, n3¥ > 0. For this profile to be part
of an equilibrium customers must be indifferent between the priority service of
provider 1, the regular service of provider 1 and the regular service of provider

2. That is

ny +ni? (E1)
2
p np
L U
LR oY
P1 B) 9 ( )
n} +n? +ny?’ =1 (E3)
ny"

2

p1 =

p2 2 (E4).

E1 implies that n’l’p—i— n?pnp: 2p;. Therefore, from E3 we get no? = 1 — 2p;.
F{ch))m E2 we %et "71 = % —p1 = % — 2y (:) ny =1 f.4p1. Therefore,
ny. =2p; —nj =2p; —1+4p; = 6p; — 1. Putting the conditions together we
get

1
nf = 1—4p1>0<:>p1<1
n;. = 6p1—1>0<:>p1>6
n;p = 1-2p; >0

1
P2 = 5 b

Profile F n} =0, nf > 0, nf” > 0, n3” > 0. An analogous argument (to
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profile E) implies that

1
nh = 1—4p2>0<:>p2<1
1
ny? = 6p2—1>0<:>p2>6
n?p = 1-2p3>0
1
P = 5 ~ P2

Profile G nf =0, n§ =0, nj” > 0, ny” > 0. Equilibrium conditions are

np np
M M
2 2
n? +ny? = 1
ny?
> _
P = 9
np
n
> 2
p2 =2 5
o, . . . 1 1 1
These conditions implies that ny? =ni? =1 p; > 7 and pa > 7.

2
Profile H n} > 0, n} = 0, nj? = 0, n3” > 0. For this profile to be an
equilibrium it must be satisfy

ny ng?
= Iz
2 2
nf+ny? = 1
p
n
p1 < 71
no?
P2 = %
The first two equalities imply that
1
nf = -——p1>0
1 B n
np 1
n2 = 5 +p1 > O

np
ny

p
The conditions are p; < %1 <~ p; < % and py > 35— <= p2 > % + %pl.
Profile I n} = 0, n} > 0, n? > 0, ny¥ = 0. An analogous argument (to
profile H) implies that in equilibrium

1
b= ——p>0
Us) 9 D2
np 1
ny = §+p2>0,

and the conditions for this profile are py < % and p; > % + %pg.
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Figure 1: Profiles of agents’ choices.

We can now plot all these profiles (profile A is the plotted diagonal line).

Now after calculating the equilibrium at the second stage (following price
announcement of the providers) we can calculate the best responses of the firms
at the first stage. We have to consider a few cases.

Case 1. p2 < 1/6. In this case if p; < %pg + é, then we are in profile D and

n119 = % + p2 — p1. Provider 1’s maximization problem is

P1

1
max R = pi (+p2—p1)

st.pp < 3P2 + .
Observe that R is concave in p; and reaches its maximum at %pg + i > %pg + %.
Therefore, the optimal p; = %pg + %. If py > %pg + % and p; < % + %pz, then
we are in profile C and nf = 1+ 2py — 4p;. Provider 1’s maximization problem
is

maxR = pi (14 2ps —4py)
t > L + 1
s.t. - —.
P1 3P2 6

Again, R is concave in p; and reaches its maximum at ipg + % < %pg =+ %.
Therefore, the optimal price is p; = %pQ + é. If py > % + %pg then we are in
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profile I where nf = 0, and we can conclude that for any ps < 1/6, provider 1’s
best response is p; = %pg + %.

Case 2. 1/4 > py > 1/6. If p; < 3po — %, then we are in profile B and
z.
If p1 > 3ps — % and p; < % — po then we know that the optimal price is
p1 = %pg + % (which is the same as the optimal price in profiles D and C,
as was shown in case 1). For p; > % — pa we are in profile F where nf = 0.
Therefore, we need to compare the revenue from p; = 3p, — & and n =1-2py
(which is (3p2 — 3) (1 — 2p2)) with the revenue from p; = %pg + & and nf =
54+Dp2—p1=5+p2—3p2— ¢ = 3+ 3p2 (which is (3p2+ §) (5 + 3p2))-
Therefore, for all po < 1/4 we have (3p2 + %) (3 + 2p2) > (3p2 — 3) (1 — 2p2).
Finally, we need to compare the revenues from this equilibrium with the revenues
from the best equilibrium in profile A, in which the revenues are bounded by
(6p2 — 1) (3 —p2). Since (2 —po) (6p2—1) < (%pg + %) (% + %pg) the best
response also here is p; = gp2 + %.

Case 3. 1/3 > py > 1/4. If p1 < 2p, — 1, then we are in profile H where

ny = % — p1. Provider 1’s maximization problem is

1
vt < ()

n} =1 — 2ps and g—ﬁ =1—2py > 0, and the optimal price is p; = 3ps —

2
1
Sfpl < 2p2 - —.
2
Again, R is concave in p; and reaches its maximum at p; = %. Since i >

2po — %, the optimal price in this region is p; = 2ps — %, and the revenues are
(2p2 - %) (1 —2py). If % —po > p1 > 2py — %, then we are in profile B and
ny =1—2py and gTﬁ =1—2py > 0, and the optimal price is p; = % — po and
the revenues are (% - p2) (1 —2py). If % > pp > % — pa, then we are in profile
E with n} =1 — 4p,. In profile E provider 1’s maximization problem is

maxRR = pi(1—4p1)
t 1 > > 1
s.t.— — — po.
1 = P12 B) D2
Again, R is concave in p; and reaches its maximum at p; = é. Since % >

P12 % — p2, the optimal price in this region is p; = % — po and the revenues
are (% —pg) (4p2 — 1). For p; > i we are in profile G where nf = 0. There-
fore, to find the best response for the case of 1/3 > py > 1/4 we need to com-
pare (2p2 — %) (1 — 2p9) with (% — pg) (1 —2ps) and (% — pg) (4p2 — 1). Among
these candidates, ( % — pg) (1 — 2p2) generates the highest revenues. Finally, we
need to compare these revenues with the revenues from the best equilibrium in
profile A, which are smaller than (% — pg) (1 —2p3), which is the revenue in
profile B, and hence the best response1 for 1/3>pe >1/4isp; = % — p21.

Case 4. 1/2 > py > 1/3. If p1 < & we are in profile H where n} = 5 — p1.
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Provider 1’s maximization problem is

1
vt = ()
1

Stpl < -,

- 6
Again, R is concave in p; and reaches its maximum at p; = %. Since % > %,
the optimal price in this region is p; = % and the revenue is ﬁ. It % >p > é
we are in profile E where n} =1 — 4p,. In profile E provider 1’s maximization

problem is

maxR = pi(1—4p1)
s.t.1 > p1> 1
4 — 6
Again, R is concave in p; and reaches its maximum at price p; = %. Since
% < %, the optimal price in this region is p; = % and the revenue is Tls' For

p1 > i we are in profile G where n] = 0. Therefore, the best response for
1/3>po>1/41is p1 = ¢.
We can now summarize the best response of provider 1 as
Ipp+ 1 if py<1/4
P = $—p2 if 1/3>py>1/4
: if 1/2>py>1/3
Similarly, the best response of provider 2 is
ip1+ ¢ if p1<1/4
P2 = %—pl if 1/3>p121/4
3 it 1/2>p >1/3
We plot these best responses in Figure 2.
Therefore, in the unique equilibrium of this game both providers announce
pricespy =p,=1. ®m
Proof of Proposition 12. Observe that if p; > ps > 0 then the customers’
welfare in the market with priorities is given by

s
1

—/C2 c (1 —F () + nlnp) f(e)de,
0 2

while if no priority service is offered it is — @. We show that for any p; > ps > 0

holds
Bl —/Cc (.m +cl_§(c’{)) f(e)de (5)

o (e + 2D EED - [ " (1-F e+ "5 ) s
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Figure 2: Best responses.

Observe that since p; > po it implies that
F(c]) = F(c3) 21— F(c]).

Furthermore, F (c}) > 3.
Plugging the expressions for p1,ps and ni? we can rewrite the right hand
side of the last inequality as
1— F(cf F(c)—F(cs) —1+F(ct) [
_ : (Cl)E(C) _ F(d) (‘322) + F (c) / cf(¢)de
0

_ <1 sLALY F(f)) /0 ef(@)de~ 2T (1 F(e)

~(4-2) (Fen- S - re - g e - Fa) (5

The derivative of the last expression with respect to cj is

1) - [ enies g [ efte (- F e+ 30 -F e
L= F(E) (g o L F()
T [Fe-3- )
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We will first show that for the relevant parameters this derivative is negative.
Plugging the expressions for F(c) = ¢ and f (c) = uct~! gives

I 1 I * 1 * * 1 M * 1
T - (- ) + g

+;§U-4gw)_;_“®(@Du_l_(é))

(ep)" ™ \2 2
_ 1 * 1 * 1 1 s\ u+1 1 s\ p+1
1— *\ 1 *\
s G (- e+ 40
e (ep)! 2 2

This expression increases in c¢5. Hence, to show that the last expression is
negative, it is enough to show it for ¢ s.t.

(c3)" =2(c)" - L.

Plugging the expression for c3, we get that it is enough to show that

1,1, sl /1 1 st 1
3¢ty (2(61)#71)“7m (2(61)”+ +§(2(cl)“71) " )<Of0r any (cj)" > 3 and p > 1.
(6)
First observe that
1 . 1 N R
5—01"'5(2(01)“—1)”

u—1
L1 N 1
- (a-3)+ () " (@r-g)<o

Where the last inequality holds since p > 1 and 1 > (¢})" > 3. If 3 — () +

ptl
12 - 1);M > 0 for any (cf)" > 1 and p > 1 we have inequality (6).

Otherwise, since p > 1 it is enough to show that

1, 1., o1/l Ly 1 w1
5ot @ -0 -3 (5@ g @ -0 <o
1 . 1 ” 1 el el
2(2—c;>+2(c7)1 “1- T S eE - < o

1 1 +1
2 2(c) — s+ ()T - @) - < 0

2 2

where the last inequality holds since its left hand side is strictly increasing in
cj and for ¢ =1 its left hand side equals to 0.
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Hence, to show (5) it is enough to show it for (c{)" = 1 and ¢ = (2(c})" — 1)
0. However, plugging these expressions into (5) gives that it holds as equality.
]

Duopoly with heterogeneous customers. Derivations of example
5.

We analyze here the duopoly equilibrium for heterogeneous customers. Given
that ¢} (p1,p2) and ¢ (p1, p2) are cutoffs that satisfy conditions (1)-(3), the profit
of provider 1 if it sets a price of p; for priority service and provider 2 sets price
of po is

71 (p1,p2) = p1 (1 — F(c] (p1,p2)))

and, similarly, the profit of provider 2 is

72 (p1,p2) = p2 (F (] (p1,p2)) — F (5 (p1,p2))) -

For a profile (p1, p2) to be an equilibrium, it must be the case that?

om1 (p1,p2) — 0 and oms (p1,p2)

=0.
Op1 Op2
Hence the first-order conditions are

(1= F(ci (p1,p2))) —p1f (¢ (p1,p2)) 9ci (p1, p2)

Ip1
(F (€ ()~ F (65 ropal) + (165 Grapal) ZEPEL 5y ) 22 2002) )

ocy ocy ac S
We now calculate 20(1p2)  9¢i(P1p2) o1 g cz(aplzm)

— . using the implicit function
theorem. Denote by G; and G5 as follows

2F (Cl) — F(CQ) —1
2

2—-2F(c1)+ F(c
G2<p17p2701702) = P2 —C2 (1) (2)

Gi1(p1,p2,c1,¢2) = p1—p2—ci

. .. . . . . . oc (p1,
The implicit function theorem implies that the derivatives % can be

calculated from
9G, 0G4 dcy el
] ] Opi _ op;
56, bk | x| e | =—| & |
dcy dca op; Op;

9G 9G
det | 5&, 5& | #0,

conditional that

8C1 8C2

2In the case of a symmetric equilibrium the FOC are % < 0 and % > 0.
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where the derivatives are evaluated at (p1,pa, ¢} (p1,p02),¢5 (P1,p2))

Cramer’s rule we get

det | 2 2e det | fg2  5¢
% _ < 8p12 8522 % _ 8;022 8622 % _
8]71 B 0G,  9G, ’ 8]92 - 9G1  0Gy ’ (9p2 N
det | &, 4e det | 8¢, 86 det | §
861 802 8c1 862
where
G,  2F(c;)—F () — 1 0G1  fl(c2)
9c; = - B) —le(Cl), Dy =C 9
0Gy  _ fler) 0Gy _ 2-2F(c1) + F(cp) e [ (c2)
91 T2 By 1 !
and
0G4 _ o % _ 4
Op1 Opa
0Gy 0Go _1
Op1 ’ Opa )

. Applying

det (

9Gy
661
0G5

Assuming distribution function F'(c) = ¢# gives the following first-order condi-

tions

p—10¢i (p1,p2)

(1= (e)") = prp(er) ap1 =
()" = () o (e D) oy SB L))
with
_ L= () | (e2)" 2(c1)" — ()" —1
p1 = C2 { 5 + 1 ] + 5
A
and
dar _ 2-2(c)" + (1+ ) (c2)"
opr Al (22 (o) + (L4 p) (2)") — 12 (erc2)"
da  _ 2pcr (e2)" ™ — (2= 2 ()" + (14 p) (e2)" )
dps 2(1+u)(01)2‘tf(02)u,1 (2 _9 (01) (1 + N)( 2)#) (6102)“
% _ 41+ p) ()" =2 (e2)" =2 = 2pes (1)
Op2 20t (21 (9 — 9 (e) + (14 p1) (e2)") — 12 (crca)"
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Example 5. Plugging 1 = 1/2 into the first order condition gives us
c1 = 0.67336, co = 0.34744.

This implies that the prices are

T~ NN
p1 = cQ( 2cl+:2)+(:1012\/’72=0.0.09978
1_
p2 = 02( 2V61+V:2):0.08237

and the providers’ profits are

™ = D1 (1—\/5):00179
T2 = p2 (/e —/c2) =0.019.

3

The expected waiting time for regular service is

np

1— F(cy) + % — 0.35264.

Hence, the customers’ surplus is

[ c1 n? 1 nP
—0.35264 / cde + / <p2 - 2%) de+ / <p1 — 210> de = —0.0878.
0 c2 c1

Without priority the customers’ surplus is

1
,@ 77M — —0.083
1 . .

4

Proof of Proposition 15. If private service is offered, then the consumers’
welfare is given by

/vv (—p+vty) f (v)dv + /Ov* vt f(v)dv

s

= ¥ (f—tl)(1—F(v*))+t1/jvf(v)dv+f/()v vf(v)dv

v

= o (f—tl)(l—F(U*))+(£+t1—E)/jvf(v)dv—i—f/o’“ vf (v)dv

v

= v (- t) (1 F () + (0 — ) /jfuf(v)varfE[v]

~ (-9 [ w-v) @0+,

*
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We compare it to the consumers’ welfare if private service is not available which
is given by ¢E [v]. The regime without private system generates higher con-
sumers’ welfare if and only if

(tlf)/vv(vv*)f(v)dv+f]E[v] < {E ] =

(tl—f)/vj(v—v*)f(v)dv < (i-)EW

Observe that

i tittot- o+t tatdty (=Dt —ty—-— 1y
N k k-1 k(k—1)
~ t2+"‘+tk (k’*l)tlftgf"'ftk
-t = -y = k-1 '

Hence we can rewrite the last inequality as follows

/j(v—v*)f(v)dv < %E[v](z»

~0-FNEW < - [ 0-v) @

For v* = 0 and for v* = ¥ the last inequality holds as equality. Taking derivative
of the left hand side wrt v* we have f(v*)E [v], the derivative of the right hand
side is [, f (v)dv =1 — F(v*). The derivative of the right hand side is greater
if and only if

1-F
FOHEP] <1-F@") <= Ep] < 1= Flv)
fv)
The single-crossingness of E[v] — 1}51}()”) implies that there exists v" s.t. for all

v < v’ the derivative of the right hand side is greater than the derivative of the
left hand side, while for all v > v’ the derivative of the left hand side is greater
than the derivative of the right hand side. m
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